1. Introduction {#sec1}
===============

The use of x-ray optics in imaging studies has taken on a vital role in the synchrotron and laboratory communities \[[@r1], [@r2]\]. Polycapillary devices, also known as Kumakhov lenses, consist of collections of glass capillaries that direct x-rays by total external reflection to focus or collimate the output. Coherence effects are well known to exist in capillary structures, as a number of wave theory-based investigations have demonstrated the simulation of x-ray propagation through single capillary devices, usually with synchrotron or soft x-ray laser illumination, and the presence of diffraction and interference effects in the output wavefield \[[@r3]--[@r6]\]. As the capillary device size is typically large relative to the wavelength, these simulations have generally relied on geometrical optics or Fresnel-Kirchoff approximations \[[@r7]--[@r9]\].

Many simulation studies of polycapillary devices \[[@r10]\] are also performed with ray-tracing toolboxes such as SHADOW \[[@r11], [@r12]\] and PolyCAD \[[@r13], [@r14]\]. These simulations function by computing the paths of x-rays through a device and evaluating the number of rays incident on each pixel in the output plane as an estimate of the output intensity. Importantly, the intensity estimate found with these techniques is not directly derived from the underlying wavefield and therefore neglects intensity modulations due to interference effects.

Although diffraction and interference effects in single capillary devices have been extensively investigated experimentally \[[@r15]--[@r18]\] and in simulation, relatively little is known of the changes in spatial coherence brought about by propagation through polycapillary devices, especially in the presence of extended laboratory sources \[[@r19], [@r20]\]. Access to the wavefield data after propagation through the device is necessary for analysis of these effects. In this paper, we present the first demonstration of a method to simulate the wavefield data at the output of a polycapillary device due to an extended source and analyze the resulting spatial coherence properties without the need for an analytically tractable wave-based representation of the optic.

2. Methods {#sec2}
==========

2.1. Coherence theory {#sec2-1}
---------------------

Statistical optics, or coherence theory, describes observable phenomena for non-deterministic optical wavefields \[[@r21]\]. The coherence properties of wavefields generated by a statistically stationary optical source, *Ũ~s~*(**r**,*t*), are characterized by the autocorrelation function, $\Gamma_{s}{({\mathbf{r}_{1},\mathbf{r}_{2},\tau})} = {\langle{{\widetilde{U}}_{s}^{*}{({\mathbf{r}_{1},t})}{\widetilde{U}}_{s}{({\mathbf{r}_{2},t + \tau})}}\rangle}$, where the angle brackets denote an ensemble average over realizations of the source, and tildes indicate random variables. The corresponding cross-spectral density is defined as *W~s~*(**r**~1~, **r**~2~, *ω*) = ∫ *dτ*Γ*~s~*(**r**~1~, **r**~2~, *τ*)*e^iωτ^*, where *ω* is the temporal frequency. The cross-spectral density of stochastic, extended sources is Hermitian and thus has a Mercer expansion, or coherent mode decomposition (CMD) \[[@r22]\], $$W_{s}{({\mathbf{r}_{1},\mathbf{r}_{2},\omega})} = \sum\limits_{n = 1}^{\infty}{\beta_{n}\left( \omega \right)\phi_{n}^{*}\left( {\mathbf{r}_{1},\omega} \right)\phi_{n}\left( {\mathbf{r}_{2},\omega} \right),}$$where ^\*^ indicates complex conjugation. Here, the cross-spectral density is equal to the incoherent sum of statistically independent modes, *ϕ~n~*(**r**,*ω*), each weighted by a quantity *β~n~*(*ω*).

It can be readily shown that the cross-spectral density for a stochastic wavefield *Ũ*(**r**,*ω*), which is the propagated wavefield *Ũ~s~*(**r**,*ω*), is given by $$\begin{array}{lll}
{W\left( {\mathbf{r}_{1},\mathbf{r}_{2},\omega} \right)} & = & {\langle{{\widetilde{U}}^{*}\left( {\mathbf{r}_{1},\omega} \right)\widetilde{U}\left( {\mathbf{r}_{2},\omega} \right)}\rangle} \\
 & = & {\sum\limits_{n = 1}^{\infty}{\beta_{n}\left( \omega \right)\psi_{n}^{*}\left( {\mathbf{r}_{1},\omega} \right)\psi_{n}\left( {\mathbf{r}_{2},\omega} \right),}} \\
\end{array}$$where *ψ~n~*(**r**,*ω*) are found by propagating *ϕ~n~*(**r**,*ω*). That is, the cross-spectral density of a propagated wavefield is the incoherent sum of the propagated modes of the wavefield at the source, multiplied by the original weights *β~n~*(*ω*). The propagated modes can be found via the method of Green functions \[[@r23]\], computational methods, or geometrical optics \[[@r24], [@r25]\].

Finally, the spectral degree of coherence, which quantifies the degree of statistical similarity between the wavefield at two points in space, is defined $$\mu\left( {\mathbf{r}_{1},\mathbf{r}_{2},\omega} \right) = \frac{W\left( {\mathbf{r}_{1},\mathbf{r}_{2},\omega} \right)}{\sqrt{W\left( {\mathbf{r}_{1},\mathbf{r}_{1},\omega} \right)W\left( {\mathbf{r}_{2},\mathbf{r}_{2},\omega} \right)}}.$$When \|*μ*(**r**~1~, **r**~2~, *ω*)\| = 1, the wavefield is fully coherent between the two points. When \|*μ*(**r**~1~, **r**~2~, *ω*)\| = 0, the wavefield is completely incoherent between the two points.

In this work, we introduce and demonstrate a method for the calculation of the spectral degree of coherence for a wavefield that has propagated through a polycapillary device. This method consists of the following steps: (1) The spatially partially-coherent anode source is decomposed into a collection of statistically-independent point sources that are interpreted as the modes *ϕ~n~*(**r**,*ω*) in [Eq. (1)](#e01){ref-type="disp-formula"}. (2) The wavefield from each point source, or mode, is propagated through the polycapillary device using geometrical ray tracing. (3) The wavefield on the output plane is constructed by combining and resampling the ray data. (4) The wavefield from the output plane is optionally propagated away from the polycapillary device. (5) The spectral degree of coherence is computed by way of the CMD in [Eq. (2)](#e02){ref-type="disp-formula"}.

2.2. Modeling an extended source and polycapillary device {#sec2-2}
---------------------------------------------------------

In this section, we show an implementation of this method in which an x-ray tube source and collimating polycapillary optic are modeled. In step 1, an x-ray tube source anode is modeled by a collection of incoherent point emitters with a Gaussian spatial profile. In the CMD representation, the modes and weights are of the form *ϕ~n~*(**r**,*ω*) = *δ*(**r** -- **r***~n~*) and $\beta_{n}\left( \omega \right) = S\left( \omega \right)\text{exp}\left( {- r_{n}^{2}/2\nu^{2}} \right)$, where *S*(*ω*) is the spectrum of the anode, *ν* is the radius of the anode spot, and **r***~n~* are the sampled points on the anode. Each source point, or mode, generates a spherical wave centered at **r***~n~*. An anode consisting of 49 source points laid out on a rectangular grid with radius *ν* = 2.1 *μ*m (corresponding to a full-width half maximum value of 5 *μ*m) and maximum radial anode position 6.4 *μ*m is simulated.

In step 2, interaction of individual wavefields, which correspond to coherent modes, with the polycapillary optic is modeled using geometrical optical propagation. In geometrical optics (also known as the high-frequency limit), the propagating wavefield is assumed to be of the form *U*(**r**,*ω*) = *A*(**r**)exp\[*iωS*(**r**)/*c*\], where *A*(**r**), the amplitude, and *S*(**r**), the eikonal or optical path length, are independent of frequency, and *c* is the speed of light.

The polycapillary optic modeled in this work is a collimating optic consisting of 19 curved glass capillaries arranged in a hexagonal pattern on the input and output surfaces. The interior wall of a given capillary is defined by $\left\lbrack {x - x_{l}g_{l}{(z)}} \right\rbrack^{2} + \left\lbrack {y - y_{l}g_{l}\left( z \right)} \right\rbrack^{2} = r_{0}^{2}f_{l}^{2}\left( z \right)$, where (*x~l~*, *y~l~*) denote the center of the *l*th capillary at the input, *r*~0~ is the radius of the capillary at the input, and *f~l~*(*z*) and *g~l~*(*z*) are second-order polynomials in *z* chosen such that the capillary input face is normal to the device input focus location and the capillary exit plane is normal to the optical axis \[[@r26], [@r27]\]. The device modeled in this work consists of glass capillaries with a dielectric constant *ɛ* = 1 -- 9.115 × 10^−6^ + *i*1.145 × 10^−7^ at an energy of 8 keV \[[@r28]\], a capillary input radius of 6 *μ*m, an input focus location 3 cm from the input face, and a polycapillary device length of 23 cm. For each point source, or mode, *N* = 1 × 10^7^ ray trajectories are uniformly randomly angularly distributed to model an outgoing spherical wavefield centered at the point source location. Each ray, labeled *m*, has initial amplitude *A~m~* = 1.

A ray-tracing algorithm finds the capillary, if any, into which each ray enters. Each entering ray has a straight-line trajectory until it intersects a capillary wall at which point Snell's law is used to calculate the new trajectory and the amplitude reflection coefficient *R*. After each reflection, the ray amplitude is updated *A~m~* → *A~m~R*. As each ray propagates through the capillary, the ray's eikonal is tabulated. This process continues until the ray has traveled to the exit plane of the capillary. At the end of the computation, the exit plane location, eikonal, and amplitude of each ray is recorded. In this simulation, rays that do not enter a capillary are assumed to be lost from the system and rays are not allowed to move between capillaries.

2.3. Calculation of the output wavefield {#sec2-3}
----------------------------------------

In step 3, the wavefield at the polycapillary output is computed by combining and resampling the discrete ray data onto a uniform grid. A number of methods exist to accomplish this task, including Gaussian beam weighting methods from the optical physics community, which have been used to account for the non-uniformity of ray data \[[@r29]--[@r31]\] in simulations of a number of system geometries \[[@r32],[@r33]\]. We have chosen to implement a computationally-efficient weighted beam gridding method, variants of which have been used in the computed tomography community for treatment of non-uniformly sampled spatial Fourier-domain data \[[@r34]\]. In this simulation, the gridding operation is performed by convolving ray point data from each capillary with a Kaiser-Bessel kernel and then sampling on a uniform grid \[[@r34]\].

Specifically, the amplitude and eikonal ray data from each capillary are grouped by the total number of reflections. The gridding routine by Hargreaves and Beatty \[[@r36]\] is applied to each group with a 1024 × 1024 pixel grid size, a kernel width of 5, and an overgrid factor of 3 as described by Jackson *et al.* \[[@r34]\]. The resulting wavefields from the reflection groups are summed to arrive at a final output wavefield from each capillary and then combined to form a finely-sampled final output wavefield for the entire device due to one anode source point (50 nm pixel spacing). These data, when computed for each anode source point, are the coherent modes, *ψ~n~*(**r**,*ω*), of the propagated wavefield from the extended source which are combined in step 5 via the CMD in [Eq. (2)](#e02){ref-type="disp-formula"} to compute the spectral degree of coherence in [Eq. (3)](#e03){ref-type="disp-formula"}.

2.4. Validation of wavefield generation method {#sec2-4}
----------------------------------------------

To validate the wavefield generation method used here, the output of a parallel-plane waveguide illuminated by a soft x-ray laser source has been computed for comparison to results by Kukhlevsky, *et al.* \[[@r8]\]. In the previous work, the intensity output of a SiO~2~ device (length = 21 cm, plane separation = 300 *μ*m) illuminated by a quasi-monochromatic source (*λ* = 20 nm, diameter = 50 *μ*m) \[[@r35]\] at a distance of 78.5 cm was measured at a distance of 33.4 cm from the output and simulated using an approximation method, namely the Fresnel-Kirchoff theory. The field at the output of the device is described as the superposition of *m* "field modes," where each mode corresponds to the initial field having been reflected *m* times.

In [Fig. 1](#g001){ref-type="fig"}, the simulated (labeled C) and experimental (labeled A) results reported in \[[@r8], see [Fig. 3(a)](#g003){ref-type="fig"}\] and the simulation results generated with the method described in this work (labeled B) are shown. One notes that both sets of simulation results predict the same peak and trough structure as well as the same approximate width for the output field. In the work by Kukhlevsky *et al.*, the simulated field is reported to be consistent with one in which *m~max~* = 1. The field produced with the method in this paper also consists of *m~max~* = 1 reflections. It is also noteworthy that both simulations neglected the polychromaticity of the source \[[@r35]\] and that neither account for the spatial response of the detector.

![The transverse intensity response from a parallel-plane waveguide illuminated by a soft x-ray laser source. The simulation results using the techniques in this work (B) are compared to simulated results (C) and experimental measurements (A) from the literature \[[@r8]\]. Portions of this figure are reprinted from Nuclear Instruments and Methods in Physics Reseach B, Vol. 168, S.V. Kukhlevsky, *et al.*, "Diffraction of X-ray beams in capillary waveguides," Pages 276--282, Copyright 2000, with permission from Elsevier.](oe-20-4-3975-g001){#g001}

![Simulation results showing the spatial distribution of ray locations at the polycapillary device output plane with varying input anode source point locations. The panels show (from left to right) the anode source point locations (−6.4 *μ*m, 0), (−3.2 *μ*m, 0), and (0, 0).](oe-20-4-3975-g002){#g002}

![Simulation results showing the log intensity of the polycapillary device wavefield output at distances (*d* = 0--10 cm with 0.5 cm increments) from the output plane ( Media 1). As the wavefield propagates, the response from individual capillaries diverges and overlaps.](oe-20-4-3975-g003){#g003}

The two sets of simulated results in [Fig. 1](#g001){ref-type="fig"} differ in terms of the predcted depth of the troughs. One notes, however, that neither the Fresnel-Kirchoff theory or geometrical optical approximation are exact solutions to Maxwell's equations. The strong agreement between the two simulation results in terms of the peak-trough structure and the number of relevant reflections indicate that the method used in this work provides both qualitative and quantitative information about wavefields propagating through capillary devices.

3. Results and discussion {#sec3}
=========================

To demonstrate the influence of the extended source on the device response, the ray locations at the device output are shown in [Fig. 2](#g002){ref-type="fig"} for different anode point positions. The ray output locations are strongly influenced by the anode point location, demonstrating that an experimentally significant anode size has been chosen. The ray locations are similar to those shown in previous simulation studies \[[@r27]\]. It is noteworthy that the ray locations alone do not provide the wavefield intensity and do not enable the evaluation of spatial coherence properties.

The intensity of the simulated output wavefield, computed in step 3, containing responses from all anode points is shown in [Fig. 3](#g003){ref-type="fig"}. Additionally, the intensity of wavefields propagated away from the output plane, as computed in step 4 with a conventional Fresnel propagation operator, are shown. As the wavefields propagate away from the device, the intensity from the individual capillaries begins to diverge and overlap somewhat while the response from the overall device remains relatively collimated. This general behavior corresponds well with experimental results in the literature \[[@r37]\].

Finally, the spectral degree of coherence, computed in step 5 from the wavefield responses of individual anode source points, or modes, is shown in [Fig. 4](#g004){ref-type="fig"}. The two-point spectral degree of coherence is shown in each frame as an image with reference to a point **r**~1~ in the output plane. The simulated optic has a highly structured coherence response that, in the output plane, is characterized by several "bright spots" corresponding to a high spatial degree of correlation with **r**~1~. As the wavefields propagate away from the device, the structured spatial response begins to disperse, causing a more uniform effective spectral degree of coherence of approximately *μ*~eff~ = 0.3, especially when referenced to **r**~1~ = (0,0).

![Simulation results showing the spectral degree of coherence of the polycapillary device output wavefield. The spectral degree of coherence is a two-point quantity, and these data are shown as a function of **r**~2~ with **r**~1~ = (0, 0) on the left ( Media 2) and **r**~1~ = (63.8 *μ*m, 0) on the right ( Media 3). **r**~1~ corresponds to the center point (left) and to the center point of the first capillary right of the center in the device output plane (right). Data are shown at distances (*d* = 0--10 cm with 0.5 cm increments) from the output plane.](oe-20-4-3975-g004){#g004}

This framework for the analysis of polycapillary device spatial coherence properties opens the door for more comprehensive investigations of the influence of device parameters on the coherence response and optimization of these parameters for specific applications. One potential application for collimating x-ray optics generally is in phase-contrast imaging techniques. In-line phase contrast methods, specifically, suffer from a trade-off between the source coherence necessary for generation of phase-contrast features and the source flux. Collimating optics can potentially alter this relationship by capturing a larger solid angle of an x-ray tube's output than would be possible otherwise. A key question, however, is how the wavefield coherence properties are changed due to propagation through the polycapillary device and the effect on image quality. The framework described here could potentially be used to evaluate the suitability of these devices for phase-contrast imaging. In addition, the simulation methods presented here may be useful for investigation of the wavefield output from polycapillary devices. Experimental measurements of these devices have demonstrated that the output intensity of certain devices contains ringing features that are strongly suggestive of the Fraunhofer diffraction patterns found due to light propagation through an aperture \[[@r17]\]. These effects are best characterized when the phase of propagating rays are accounted for in the output, especially as capillary devices are manufactured at smaller diameters where these patterns are most evident \[[@r18]\]. Interference effects, which are well known to occur in multiple-reflection optics \[[@r8],[@r16]\], may also be investigated with access to simulations of the wavefield without the need for an analytic solution to the wave equation.

The framework presented in this work consists of an adaptable five-step process. In future work, these steps may be altered to address specific topics of interest. For example, enhanced polycapillary device simulation methods may be incorporated into step 2. Specifically, the effects of capillary waviness and surface roughness have not been included here and may potentially have a substantial effect on the coherence properties of a device. In addition, a number of methods exist to perform the wavefield construction in step 3, the accuracy of which could form the basis of future studies. The methods presented here form the basis for improved understanding of the properties of polycapillary devices and provide a framework for future investigations into the effects of polycapillary optical devices on spatial coherence properties.
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